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A FAMILY OF FACE PRODUCTS OF
MATRICES AND ITS PROPERTIES

V. 1. Slyusar

As is well known, there existed periods in the history of mathematics when technological progress introduced

noticeable correctives in the natural course of the development of abstract mathematical theories. In recent years, such
a stage has come in the theory of matrices. This time, it has affected rather fundamental principles of linear algebra,
supplementing it by new operations of composition of matrix data.
In addition to the classical set of these operations, due to the objective demands for technological applications
of systems analysis a lot of unconventional procedures of matrix multiplication should be introduced in practice. In
particular, we mean the generalized Kronecker products with respect to columns and rows {1, 2}, left and night almost
Kronecker products [2], and also the family of face products of matrices [3-5].

The face multiplication, which was primarily proposed for processing signals of digital antenna arrays, may be
also used for analysis of other complicated systems. Therefore, the objective of this article is to generalize its properties
and consider new varieties of such a procedure for block matrices.

According to [3-5], we will call the pxgs matrix A OB specified by the equality

A0OB= [a,-jB,-] (1)

the face product of the pxg matrix A=[a;] and pxs matrix B that is represented as the block-matrix of the rows -B;
(B=[Bi]’ i=],...,p). '

Example 1.
a;; ap by b2 043
A=| ay axn | B=| by by by |;
as, as by b3y b33

ayy-byy ayrbyy aybys o aybyy ab2 aybys
A O B=| ay1byy axi'by a1'by3 | ayybyy ayyby arybys|.
ay;'by; asibyy azpbyz | azyby azybyy aszybi

If the matrix A is considered in this example as the totality of the column vectors corresponding to the intial
coordinates of several points moving in a Cartesian coordinate system, then the semantic aspect of the product A O
B can be described as a geometric transformation B that equally changes the like (i.e., of the same name) coordinates
of all the points of the object A. '

In essence, before the introduction of the face product in matrix algebra, the following two extreme vanants of
matrix-data composition existed: the Hadamard and Kronecker products, which reflect the elementary and extremely
general levels of decomposition of matrices as systems of numbers. In the former case, the elementwise multiplication
is executed, and in the latter and its generalizations [1, 2], almost the entire matrix is considered as a multiplier. At
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the same time, the face product represents an intermediate level of the decompostion of matrices that congsts In thar
rowwise fragmentation. The term "face' figuratively reflects the fact that the end face of the right matrix Is, as It
were, split into rows before multiplying by the dements of the left matrix.

The symmetric complement of the face variant of multiplication Is Its trangoosed modification According to
[3-5], the trangposed face product (TFP) of the gxp matrix A=[a,] and the sxp matrix B that is represented as a

block matrix of the columns (B = [B). j=1, ,p) IS the gsxp matrix A m B pecified by the equality

AR B= [a,j BJ] (2)

Example 2.
lan a2 ai3| _ | by bi2 by3
A= 8= b, by, by |
421 922 a3 21 922 923

an by aypbyy a3by
a1 by ayy by ay3bys

a1 byy ax by ay3by3
azy by azy byy ay3b93

It IS worthy of note that, for expressons (1) and (2), we can write the law of Inverson of the order of matrices
5. This law Is smilar to the well-known propety of transpostion of generalized Kronecker products with respect to
rows and columns [1]

AOB ' =A"wmB’, AmB =4ATa BT (3)

The first things to notice are the following associalive and distributive propeties of face products of matrices

[3-5]
(ADBDODC=ADBOC), AmB)mC=Amn (B n ), (4)
A+B) 0O C=A0C+BOC,(A+B)mC=AmC+Bm C, (5)
AOMB+CO)=AO0OB+AO0C,AmB+C)=AmB+Anm C, (0)

A+B)0(C+D)=A0C+B0OC+A0D + B 0O D,
(7)

A+B)m(C+D)=AmC+BmC+AmD+BmuD

Naturally, 1t I1s assumed that the forms of the matrices are concordant In expressons (4)-(7). The reations for
TFP can be easly obtaned by transposng the corresponding expressons for the face product. Therefore, In what
follows, we will restrict ourselves, whenever possble, to consderation of the properties of face multiplication, except
for the casss where the representation contains both varieties of this multiplication.

Taking account of what has been sad above, let us recdl that the face products are not commutative [5|, 1.e.

A OB#B OA. (8)

though the commutativity of vectors and the products of vectors and matrices Is admissble (3], I. e
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aOB=B 0Oa

()
In the particular case where a and b are vectors, the following easily checked properties take place [3]
alob’=a’®p! (10)
(a 1S a p-vector and b is a g-vector),
aOb=aQb (11)

(@ and b are p-vectors, "0" IS the symbol the of Hadamard product)

The procedure of face product makes It pos3ble to reduce the number of computing operatlions In prevaent
problems of multiplication of the diagona matrix A =diag[a;a, a)] and pxs matrix B dagla;a, a)

T
B=[aja; a,] OB In this case according to (3], In contrast to the ordinary product, the multiplication operations

are reduced In number by a factor of p for the face product, and the execution of ps(p — 1) additions IS not necessaxy
a all

The consdeation of interrelation of the face products with the multiplication methods that are well known In
matrix theory IS of most Interest In the case where one expresson contains severd of ther vaildies In this case
according to [5),

A®BDOC)=(A®B) 0O C, (12)
AO BOO=@A O B OC (13)

The adaptation of the face product with the Hadamard one Is possble within the framework of the 1dentity |[3]

AOBOCOD=@A0O0C O B ab, (14)

which holds true if A and B are mxn matrices, and C and D have the dmenson mxp The Hadamard product on the
right s9de of (14) Is defined, snce its constituents A O C and B O D are mxnp block matrices

In view of the property of commutativity of the eementwise multiplication, relation (14) may be rewritten In
the form

AOBOC OD)=(AOD) O (BOO
=B0OD) O AOQC)=@BOC) O A U0D

For the m-vector b, mxrmatrix S, and mxematrix F, it is easy to verify the vaidity of the substitution formula

(ST u FT) b = vec [(b ' = FT) S]., where "vec' IS an operator representing the mxr matrix by means of a mr-column
vector (O]

Snce a combination of the face and transposed face products IS aso possble within the framework of matrix
representation, we can make use of the theorem announced In (3] and given beow

THEOREM 1 If al matrix products are defined, then the face and transposed face products of matrices satisfy
the equality

(AQB)(CuD)=(AC) O (BD) (15)

Proof. Let the dimensons of A, B, C, and D be equa to jxk, jxz, kxp, and zxp, respectivy Since the matrix

A O B conddts of kxz columns and the matrix C B D conssts of kxz rows, the matrix product (A O B) (C m D) is
defined. It congds of ; rows and p columns The dement that is Stuated a the intersection of the jth row and the

pth column is equal to X, > ayb,cp,d,,
k 2
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Snce the matrices A-C and B-D contain j rows and p columns, respectively, the Hadamard product (A-C) O

(B-D) Is the jxp matrix and its dement that is Stuated at the intersection of the jth row and pth column Is equdl
(0

Z ajk-ckp-ijz-dzp — % 2 ajk-bjz-ckp-dzp.
k Z Z

and this completes the proof.
The theorems on the absorption of the Kronecker products by the face ones are easly proved by anaogy.

THEOREM 2. For the matrices A, B, C, and D whose dimensons are, repectively, jxk (j IS the number of
rows and k is the number of columns), mxz, kxp, and zxp, the following equality Is valid.

(A® B)-(C mD) = (A-C) ®(B-D). . (16)

THEOREM 3. For the matrices A, B, C, and D whose dimensons are pxk, pxz, kxj, and zxm, respectively, the
following equality Is vald:

(A O B)(C® D) = (A-C) O(B-D). (17)

The proof of Theorem 3 may be aso condructed on the bass of trangpostions of expresson (16). Indeed,

(A®B)CuD)=cCcuD))ua®B’=c'obpHhu’es).

On the other hand,
[(A ® B)-(C mD))'= [(A-C) m@B-D)'=c"A") o @ "B).

Thus, (cTabp ) @uT®B") = (cTAh o 'B").
Having replaced the above desgnations, It IS easy to obtain (17), which Is what had to be proved.
A conseguence of Theorems 1-3 IS one more property of "aobsorption™:

(AOLBOM(CON)...U®S)(KmT)= (ABC-...JK) O (L-MN-...ST),

which completes the enumeration of the propeties of the face product that are known to date
In datigical anayss of a collection of subsystems of the same type that form a complicated system, for example,

a multiposition radio-locating network conssting of severa recelving dations, block matrices are used. As Is well
known [9], rules (1)-(16) are dso applicable to them; however, In some cases, thare IS a need for specia block
modifications of face products, which were first consdered In [5].

One of them is the block face product (BFP), which, for the bpxcs matrix A=[A;] and bpxcg matriX

B=[By] (i=1,...b;j=1,...¢) with a concordant partition into blocks, whose Sze is equal to pxs and pxg, respectively,
IS determined by the following egquality [5]:

Example 3 |
| Pii1 P11 ' P2 P
P=|Py Py|=| Pan1 P21 ! Pa2 Pan2|

| P3n1 P3n ! P32 Pix

Ty, Th|=| ta11 t1 fa31 ! 212 t22 f232|,

l it hiar tisr Dot iz 32
T = =
| 311 1321 B | B2 4322 332
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l
P " T'-:[Pl DTl PZ DTz]
I

If eacn block of the matrix P IS treated as the totality of column vectors describing the parameters of the date
of two subsystems of an object In one of Independently varying reference systems, then a certain two-component system
functioning smultaneously In two different reference sysems can be assgned to the entire matrix P In the example
consdered. The block face product A T T makes it possble to formalize the dynamics of evolution of such a system
at uccessve points of time (three In this example) during the transformation of the reference sysems that identicaly
change the like parameters of column vectors In each reference sysem. It IS especialy Important that the laws of
parameter transformation are assumed to be dependent on reference sysems and variable In time

In the case where the partition Into blocks Is discordant, the face product of matrices (1) can be a0 used
iInstead of BFP. In particular, for the engineering object P consdered In the preceding example, a transformation may

pbe specified that 10gentically changes the parameters of the dates of the subsystems with respect to al the reference
sysems. Its result will be written according to rule (1) as follows:

I it b2t 43 |
P=|Py P T=|ty th taa|, POT=(P,0oT P,nOrT|
| 311 1321 133 |

The above holds true for the trangposed BFP [5]. By definition, the transposed block face product of the
csxbp matrix A = [A;] and cgxbpmatrix B = [B;1G=1,..., c. i=1,...,b) with a concordant partition Into blocks,
whose size is equd to sxp and gxp, respectively, Is the matrix A = B Specified by the equality A= B = [A; B B;].

Note that the block types of products have many properties that are inherent In the face multiplication and Its

transposed variant, therefore, they are not discussed here.

In concluson, let us congder one more modification of the face product that can be useful In technological
aoplications. Its essence lies In using a series of numbers located In a dimenson, which Is additional relative to the
left matrix, as the rows by which the right matrix 1s to "pbe Flit." In this case, the penetrating face product of the
pxg marix A=[ayl and n-dimentional matrix B (n>=3) that Is unfolded in the block row with pxg blocks (B =[B,])
IS a matrix of 9ze B of the form

l | I i
A®B=[A031A032---|A08r'“] (19)
| | |

where A O B, Is the Hadamard product.

Example 4.
a; ap bijr bia1 | b2 b1 1 b3 bya3
A=| Gy Gy || B=| b1y bag | ba12 by 1 by13 D33 |,
as, as byjy b3z | b31p b3 | b33 b3p3
A ®OB

ayrbiny apbiy | oanbia aipbin | aybyz abyp;
=| ay1'byyy GApp'bpyy; | ay'bap Gxybpyy | ayrby3  ayybro3
ay;-b3yy  ajybsyy | az;byy asybiygy | oazpbyy azpdin;




Treating B as a matrix of Catesan coordinates of the points that form a geometric opject contaning two points

on each of three planes, the transformation A-®©B may be interpreted as a gpace deformation for which the coordinates
of the like points of an object, which bdong to different planes, are transformed identically.

In this Situation, the face product (1) produces a waignted duplicating of the three-dimensona matrix, repeating
it according to the number of columns of the two-dimensona one The distinctive feature of the penetrating face
product Is the "penetration” of the two-dimensona matrix through the three-dimensona one without changing the
dimenson of the latter (an unfolded representation In (19) and In Example 4 Is given for the sske of opviousness).
Thus, the operation Introduced In (19) permits one to formalize the process of "penetration” of discrete sets through
s of greater dimensons, mathematicd moading of this process Is frequently necessary In sysems anayss.

It is remarkable that if a p-vector C is concordant with a two-dimensond matrix B with regpect to the number

of rows, then the identity C o B = C ®B is vdid. It is rdevant to remark that one of the properties of the penetrating

face multiplication is its commutativity: A ®B = B ®A.

The examples presented above are only a perfunctory Illustration of the capanilities of the new types of matrix
opealons. Usng these opeaions, the author has aready Succesded In obtaining the Cramer-Rao bounds to estimate
the potential accuracy of multisgna direction finding, Soectra saection, and iImpulse distance measurement (5, 7|, In
condructing a saes of anaytical moaas of conforma digital antenna arrays (4], and a0 In syntheszing methods
pbased on  these modds for the hyper Raylegh resolution of point sources. The progress In these domans has been
IN many respects hindered because of the iImperfection of the traditional matrix agebra. The author believes that there
exis other problems In sysems anayss whose solution may be supported by the approach proposed,
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